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Rotating gravastar cannot be a source of the Kerr metric
Mieszko Rutkowski
Institute of Theoretical Physics, Jagiellonian University, 30-348 Krako´w, Poland∗
A number of authors provided arguments that a rotating gravastar is a good candidate for a
source of the Kerr metric. These arguments were based on the second order perturbation analysis.
In the following paper, we construct a perturbative solution of the rotating gravastar up to the fifth
perturbation order and show that it cannot be continuously matched with the Kerr spacetime.
I. INTRODUCTION
Gravastars, proposed by Mazur and Mottola [1] as an alternative to black holes, have been studied extensively
in recent years ([2–9]). One of the issues concerning gravastars is to find a rotating gravastar solution. So far only
perturbative versions of such a solution exist ([10–12]). All these studies suggest that in an ultracompact limit ([13])
the rotating gravastar can be a source of the Kerr metric (i.e. I, Love, Q numbers tend to those of Kerr in this limit).
Similar perturbation-type sources (thin shells) of the Kerr metric were studied earlier by e.g, [14–16]. On the other
hand, constructing perturbation sources of the Kerr metric have been criticised by Krasin´ski [17]. In this work, we
take the perturbation approach up to the fifth perturbation order and show that matching the rotating gravastar
with the Kerr metric is not possible. We use slightly different framework to ([10–12]) and instead of solving Einstein
equations both for interior and exterior, we a priori assume that an exterior solution is the Kerr metric. Then we
seek for an interior solution and try to match it with the exterior Kerr metric.
Most of the work on rotating gravastars was based on Hartle’s structure equations [18] (see also [19–21]). Hartle’s
framework allows to study slowly rotating perfect fluid objects up to the second order. To go beyond second order, we
find it easier to follow Rostworowski [22], who provided a nonlinear extension of Regge-Wheeler and Zerilli formalisms.
Formalism given by [22] is dedicated to (Λ-) vacuum spacetimes and can be easily adapted for our needs. The difference
between Hartle’s framework and our approach is only on the level of ansatz on metric perturbation form and they are
physically equivalent within the range of applicability of Hartle’s framework.
The paper is organised as follows: in Sections II, III and IV we provide preliminaries, in Section V we discuss the
matching, in Section VI we expand the Kerr metric, in section VII we solve interior Einstein equations and try to
match interior and exterior metrics. In section VIII we summarise and discuss our calculations.
II. BACKGROUND SOLUTION
As a background, we take the ultracompact gravastar model [13]. In static coordinates (t,r,u,ϕ) it’s metric is given
by:
g¯ =
1
4
f(r)dt2 +
1
f(r)
dr2 + r2
(
du2
1− u2
+ (1− u2)dϕ2
)
, (1)
where
f(r) =
{
1− r
2
4M2 r ≤ R ,
1− 2M
r
r > R .
(2)
For simplicity, we do not differentiate between interior and exterior coordinates of the background metrics, because
they are compatible in this case (they have the same values on a matching hypersurface). An induced metric is
continuous across the (null) matching surface r = 2M . There is a nonzero stress-energy tensor induced on this shell,
see [13] for the details. The exterior metric is a solution to vacuum Einstein equations and the interior metric is a
solution to Einstein equations with a cosmological constant Λ = 34M2 .
For our purposes we use Eddington-Finkelstein coordinates:
g¯ =
1
4
f(r)dv2 + 2drdv + r2
(
du2
1− u2
+ (1− u2)dϕ2
)
, (3)
∗ mieszko.rutkowski@doctoral.uj.edu.pl
2where dv = dt+ dr
f(r) .
III. POLAR EXPANSION
In a spherically symmetric background, in 3+1 dimensions, vector and tensor components split into two sectors
that transform differently under rotations: polar and axial (for the details see e.g. [23–27]). Symmetric tensors have 7
polar and 3 axial components. Below we list the expansion of the components of symmetric tensors in axial symmetry
(Pℓ denotes ℓ-th Legendre polynomial).
The symmetric tensor, polar sector:
Sab(r, u) =
∑
0≤ℓ
Sℓab(r)Pℓ(u) , a, b = v, r , (4)
Sau(r, u) = −
∑
1≤ℓ
Sℓau(r)∂uPℓ(u) , a = v, r , (5)
1
2
(
(1− u2)Suu(r, u) +
Sϕϕ(r, u)
(1− u2)
)
=
∑
0≤ℓ
Sℓ+(r)Pℓ(u) , (6)
1
2
(
(1− u2)Suu(r, u)−
Sϕϕ(r, u)
(1− u2)
)
=
=
∑
2≤ℓ
Sℓ−(r)(−ℓ(ℓ + 1)Pℓ(u) + 2u∂uPℓ(u)) . (7)
The symmetric tensor, axial sector:
Saϕ(r, u) =
∑
1≤ℓ
Sℓaϕ(r)(−1 + u
2)∂uPℓ(u) , a = v, r , (8)
Suϕ(r, u) =
∑
2≤ℓ
Sℓuϕ(r) (ℓ(ℓ+ 1)Pℓ(u)− 2u∂uPℓ(u)) . (9)
IV. METRIC PERTURBATIONS
We assume that there exists an exact, stationary and axially symmetric solution to Einstein equations, which we
expand into series in a parameter a (which will be an angular momentum per unit mass of a an exterior metric)
around the static metric (2):
gµν = g¯µν +
∞∑
i=1
ai
i!
(i)hµν (10)
After perturbative expansion, we need to polar-expand metric perturbations according to (4) - (9), therefore, apart
from the perturbation index i, all perturbations gain a coefficient ℓ corresponding to the ℓ-th Legendre polynomial.
For axial perturbations we take:
(i)hℓ =


0 0 0 (i)hℓ vϕ(r, u)
0 0 0 (i)hℓ rϕ(r, u)
0 0 0 0
(i)hℓ vϕ(r, u)
(i)hℓ rϕ(r, u) 0 0

 (11)
where (i)hℓ vϕ(r, u) = −(1− u
2)(i)hℓ vϕ(r)Pℓ(u),
(i)hℓ rϕ(r, u) = −(1− u
2)(i)hℓ rϕ(r)Pℓ(u) and Pℓ is the ℓ-th Legendre
polynomial. Using the gauge freedom, we set (i)hℓ uϕ(r) = 0, what corresponds to the Regge-Wheeler (RW) gauge.
For the polar perturbations we take:
(i)hℓ =


(i)hℓ vv(r, u)
(i)hℓ vr(r, u) 0 0
(i)hℓ vr(r, u)
(i)hℓ rr(r, u) 0 0
0 0 (i)hℓ uu(r, u) 0
0 0 0 (i)hℓ ϕϕ(r, u)

 . (12)
3where (i)hℓ uu(r, u) =
(i)hℓ+(r)
Pℓ(u)
1−u2 ,
(i)hℓ ϕϕ(r, u) =
(i)hℓ+(r)
(
1− u2
)
Pℓ(u). Using the gauge freedom, we set
(i)hℓ ru =
(i)hℓ vu =
(i)hℓ− = 0, what also corresponds to the RW gauge.
Note that in [18] there are no (i)hℓ vr(r, u) and
(i)hℓ rϕ(r, u) coefficients in the metric ansatz. This fact arises from
Einstein equations in Hartle’s framework and shouldn’t be assumed in general. Indeed - for Eddington-Finkelstein
coordinates in the background both (i)hℓ vr(r, u) and
(i)hℓ rϕ(r, u) turn out to be nonzero in most cases. In the interior,
we solve perturbation Einstein equations with a cosmological constant Λ = 34M2 . For a given order i and a given
multipole ℓ, they have the following form (see [22]):
∆L
(i)hℓ µν =
(i)Sℓ µν , (13)
where ∆L
(i)hℓ µν denotes the components of the second order linear differential operator (Lichnerowicz operator)
∆Lhℓ µν =
1
2
(
−∇¯α∇¯αhµν − ∇¯µ∇¯νh
α
α − 2R¯µανβh
αβ + ∇¯µ∇¯
αhνα + ∇¯ν∇¯
αhµα
)
. A source (i)Sℓ µν consists of metric
perturbations of lower orders. We provide an explicit form of equations (13) in the Appendix A.
V. MATCHING INTERIOR WITH EXTERIOR
We match the exterior metric with the interior metric on a three-dimensional hypersurface given by r±b = r
±
b (u
±).
The metric induced on this hypersurface is given by:
g
±
ab =


g±vv g
±
vu + g
±
vrr
±
b
′
(u±) g±vϕ
g±vu + g
±
vrr
±
b
′
(u±) g±uu + g
±
rr
(
r±b
′
(u±)
)2
+ 2g±rur
±
b
′
(u±) g±uϕ + g
±
rϕr
±
b
′
(u±)
g±vϕ g
±
uϕ + g
±
rϕr
±
b
′
(u±) g±ϕϕ

 , (14)
where “+” and “-” stand for exterior and interior, respectively, and latin indices correspond to coordinates (t±, u±, ϕ±).
From the first Israel [28] junction condition, we demand continuity of the induced metric at the matching hypersurface:
[[g±ab]] = 0 , (15)
where [[E]] = E+(r+, u+)− E−(r−, u−). Following [11], we introduce intrinsic coordinates on the three-dimensional
hypersurface: ya = (T, U,Φ). Then we express interior and exterior coordinates x± µ on a hypersurface in terms of
ya:
x−µ
∣∣
r
−
b
=
(
A− T, 2M +
a2
M2
η+(U) +
a4
M4
χ+(U), U +
a2
M2
λ+(U) +
a4
M4
δ+(U),Φ
)
, (16)
x+µ
∣∣
r
+
b
=
(
T, 2M +
a2
M2
η−(U) +
a4
M4
χ−(U), U,Φ
)
, (17)
where η±(U) = η±0 + η
±
2 P2(U), χ
±(U) = χ±0 + χ
±
2 P2(U) + χ
±
4 P4(U). Using the freedom in a choice of coordinates
T, U,Φ, we have already set u+ = U and A+ = 1 (see e.g. [10]). Already from the zeroth order (background metric),
we have A− = 1.
The location of the matching hypersurface is not known a priori and η±(U), χ±(U), λ(U) and δ(U) are unknown
functions that need to be found. Our procedure of matching interior and exterior metrics for a given perturbation
order is the following:
1. We solve perturbation Einstein equations for the interior. Metric functions need to be regular at r = 0 and at
r = 2M . If they are not regular, we try to remove singularities using gauge transformations, and when it’s not
possible, we fix certain constans to zero.
2. We solve matching conditions (15) for constants arising from Einstein equations and for η±(U), χ±(U), λ(U), δ(U).
3. If the matching is not possible, we perform a gauge transformation to check if a gauge-transformed metric can
be matched.
4. If the matching is successful, we go to the higher perturbation order.
Changing the gauge in cases when the matching is not possible may seem to be a little artificial procedure. However,
finding a proper gauge is a part of the matching problem (especially for perturbation orders higher than two). Using
4the result of Bruni et al. [29], we are able to control impact of the gauge from the lower perturbation order on the
metric functions in the higher perturbation order.
The second junction condition tells about the energy content of the matching hypersurface - already in the back-
ground solution there is a thin shell located at r = 2M (since this is a null hypersurface, second junction condition
needs to be modified, see Mazur and Mottola [13] for the details). However, in the next sections we show that even
the first junction condition is not possible to fulfil, therefore we don’t find it necessary to discuss second junction
condition at all.
VI. KERR METRIC EXPANSION
As an exterior metric, we take the Kerr solution in advanced Eddington Finkelstein (EF) coordinates:
ds2 =−
1
4
(
1−
2Mr
a2u2 + r2
)
dv2 + dvdr +
a2u2 + r2
1− u2
du2 +
(
1− u2
)(2a2Mr (1− u2)
a2u2 + r2
+ a2 + r2
)
dϕ2+
+
2aMr
(
1− u2
)
a2u2 + r2
dvdϕ+ 2a
(
1− u2
)
drdϕ , (18)
where, for the purpose of matching background solutions, time is rescaled by a factor of 2 with respect to the traditional
choice (see [13]). For simplicity, we omit + and − coordinate superscripts and use them only when it’s necessary to
differentiate the interior from the exterior. We expand (18) into series in a. Below we list nonzero components of this
expansion after the polar decomposition.
(1)h+1, vϕ =
M
r
,
(1)h+1, rϕ = 1 ,
(2)h+0, vv = −
2M
6r3
,
(2)h+0,+ = −
4(M + r)
3r
,
(2)h+2, vv = −
2M
3r3
,
(2)h+2,+ =
4M − r
3r
,
(2)h+2,− =
2M + r
3r
,
(3)h+1, vϕ =
M
5r3
,
(3)h+3, vϕ =
4M
5r3
,
(4)h+0, vv =
12M
5r5
,
(4)h+0,+ = −
16M
5r3
,
(4)h+2, vv =
48M
7r5
,
(4)h+2,+ = −
16M
7r3
,
(4)h+2,− =
8M
7r3
,
(4)h+4, vv =
96M
35r5
,
(4)h+4,+ =
192M
35r3
,
(4)h+4,− =
16M
35r3
,
(5)h+1, vϕ = −
72M
7r5
,
(5)h+3, vϕ = −
32M
3r5
,
(5)h+5, vϕ = −
64M
21r5
.
(19)
Note that the Kerr metric expansion in EF coordinates is not in RW gauge. To match the interior with the exterior,
we will need to perform appropriate gauge transformation.
5VII. INTERIOR SOLUTION
A. The first order
1. Axial ℓ = 1
Since for ℓ = 1 there is no huϕ component, we can use the remaining gauge freedom to set
(1)h−1 rϕ = 0. Linearized
Einstein equation are homogeneous (A1)-(A3) and yield:
(1)h−1 vϕ = r
2Ω11 +
Π11
r
(20)
where Ω11 and Π11 are arbitrary constants. The singularity at r = 0 cannot be removed using gauge transformations,
therefore we set Π11 = 0 and the solution regular at r = 0 is
(1)h−1 vϕ = r
2Ω11.
2. Matchig with Kerr
From the matching conditions (15) we have:
[[(1)h1 vϕ(2M)]] = 0 , (21)
[[(1)h1 rϕ(2M)]] = 0 . (22)
To perform the matching, we need to act on the interior with a gauge transformation (1)ξ1 according to (B6), (B7).
From (21), (22) we have:
(1)ξ1ϕ(2M) = 2M , (23)
Ω11 = −
1
8M2
. (24)
We fix the gauge to ξϕ =
r3
4M2 (we find this choice to be convenient, but it has no impact on the final result — see
the discussion on gauge in the end of the Section VII). Finally we have:
(1)h−1 vϕ(r) = −
r2
8M2
, (25)
(1)h−1 rϕ(r) = −
r2
4M2
. (26)
B. The second order
1. Polar ℓ = 0
For ℓ = 0 there are no h−, hvu, hru components in the polar decomposition and we have an additional gauge
freedom, which we can use to set (2)h0 vr,
(2)h0+ to zero, thus the only nonzero variables are
(2)h0 vv and
(2)h0 rr.
Solution to Einstein equations (A4)-(A11) with ℓ = 0 and with source (A32)-(A35) reads:
(2)h−0 vv =
r2
48M4
+
c20
(
4M2 − r2
)
64M4
+
d20
r
, (27)
(2)h−0 rr =
r2
(
r2 − 12M2
)
12M4 (r2 − 4M2)
+
c20
r2 − 4M2
., (28)
where c20 and d20 are arbitrary constants. This solution is singular at r = 0 and r = 2M . Singularity at
r = 0 cannot be removed using gauge transformations (B2), therefore we set d20 = 0. However, singularity
at r = 2M can be removed using an appropriate gauge transformation (ξv =
(8−6c20)((4M2−r2) coth−1( 2Mr )−2Mr)
192M3 ,
6ξr = −
6M3(8−6c20) tanh
−1( r2M )+r(r
2−24M2)
144M4 ), what yields:
(2)h−0 vv =
c20
8M2
+
48M4r2 − 28M2r4 + r6
2304M8
, (29)
(2)h−0 vr =
r2
(
r2 − 24M2
)
288M6
, (30)
(2)h−0 rr = 0 , (31)
(2)h−0+ =
c20r
2
2M2
+
r4
(
r2 − 28M2
)
144M6
. (32)
(33)
2. Polar ℓ = 2
Solution to Einstein equations (A4)-(A11) with ℓ = 2 and with source (A36)-(A42) reads:
(2)h−2 vv =
(
4r
(
3M2 − 2r2
) (
4M2 + r2
)
− 6M
(
r2 − 4M2
)2
coth−1
(
2M
r
))
384M4r3
+
c22
(
r2 − 4M2
)2
2048M8r3
+
d22
(
−24M3r + 3
(
r2 − 4M2
)2
coth−1
(
2M
r
)
+ 10Mr3
)
4096M7r3
, (34)
(2)h−2 vr =
(
−24M6r + 10M4r3 − 4M2r5 + 3M3
(
r2 − 4M2
)2
coth−1
(
2M
r
)
+ r7
)
96M6r3 − 24M4r5
+
c22
(
r2 − 4M2
)
256M6r3
+
d22
(
24M3r − 3
(
r2 − 4M2
)2
coth−1
(
2M
r
)
− 10Mr3
)
512M5r3 (4M2 − r2)
, (35)
(2)h−2 rr =
(
192M8r − 80M6r3 − 16M4r5 + 8M2r7 − 24M5
(
r2 − 4M2
)2
coth−1
(
2M
r
)
− r9
)
12M4r3 (r2 − 4M2)
2 +
c22
16M4r3
+
d22
(
−24M3r + 3
(
r2 − 4M2
)2
coth−1
(
2M
r
)
+ 10Mr3
)
32M3r3 (r2 − 4M2)
2 , (36)
(2)h−2+ =
(
4
(
3M2r + r3
)
− 6M
(
4M2 + r2
)
coth−1
(
2M
r
))
24M2r
+
c22
(
4M2 + r2
)
128M6r
+
d22
(
3M
(
4M2 + r2
)
coth−1
(
2M
r
)
− 2
(
3M2r + r3
))
256M6r
, (37)
where c22 and d22 are arbitrary constants. Singularities at r = 0 and r = 2M cannot be removed using gauge
transformations, and we need to set c22 = 0, d22 =
64M4
3 , what yields:
(2)h−2 vv = −
r2
48M4
, (38)
(2)h−2 vr = −
r2
24M4
, (39)
(2)h−2 rr = −
r2
12M4
, (40)
(2)h−2+ = 0 . (41)
73. Matchig with Kerr
Matching conditions (15) yield:
[[(2)h0 vv(2M)]] =
η+0 + 2η
−
0
4M3
, (42)
[[(2)h2 vv(2M)]] =
η+2 + 2η
−
2
4M3
, (43)
[[(2)h0+(2M)]] =
8(η−0 − η
+
0 )
M
, (44)
[[(2)h2+(2M)]] =
8(η−2 − η
+
2 )
M
. (45)
λ(U) =
3
(
U2 − 1
)2 (2)h+2−(2M)
16U
, (46)
what leads to:
η−0 − = −
1
4
(c20 − 2)M (47)
η−2 = 0 (48)
η+0 = −
M
3
(49)
η+2 = 0 (50)
λ(U) = −
(
U2 − 1
)2
8U
. (51)
(52)
To sum up, in the second order we are left with one arbitrary constant c20.
C. The third order
1. Axial ℓ = 1
The solution to Einstein equations (A1)–(A3) with ℓ = 1 and with sources (A26)-(A27) reads:
(3)h−1 vϕ = −
(
r6 − 28M2r4
)
384M8
+Ω31r
2 +
Π31
r
. (53)
Singularity at r = 0 cannot be removed using gauge transformation (B3), therefore we set Π31 = 0.
2. Axial ℓ = 3
Solution to Einstein equations (A1)-(A3) with ℓ = 3 and with sources (A28)-(A29) reads:
(3)h−3 vϕ =
Ω33
(
r2 − 4M2
)
r3
+
Π33
(
r4 + 20M2r2 − 120M4
)
3r2
+ 20
Π33
(
4M5 −M3r2
)
coth−1
(
2M
r
)
r3
, (54)
(3)h−3 rϕ =
8M2Π33
r3
−
160M5Ω33 coth
−1
(
2M
r
)
r3
+
8M2Ω33
(
r4 + 20M2r2 − 120M4
)
3r2 (r2 − 4M2)
. (55)
where Ω33 and Π33 are arbitrary constants. Singularities at r = 0 and r = 2M cannot be removed using gauge
transformations, therefore Ω33 = 0, Π33 = 0.
83. Matchig with Kerr
Matching conditions (15) yield:
[[(3)h3 vϕ(2M)]] =
1
10M2
, (56)
[[(3)h3 rϕ(2M)]] =
15c20 − 17
20M2
. (57)
To match the interior metric with the Kerr metric at the third order, we need to set Ω31 = −
3c20
16M4 .
D. Fourth order
1. Polar ℓ = 0
Solution to Einstein equations (A4)-(A11) with ℓ = 0 and with sources (A32)-(A35) reads:
(4)h−0 vv = −
a4
(
864c220M
6 − 3c20
(
48M4r2 + 28M2r4 − r6
)
+ 56M2r4 − 2r6
)
2304M10
+
c40
(
4M2 − r2
)
64M4
+
d40
r
, (58)
(4)h−0 rr =
a4
(
−540c20M
6r2 + 2 (9c20 + 11)M
4r4 + 13M
2r6
2 −
3r8
8
)
108M10 (r2 − 4M2)
+
c40
r2 − 4M2
, (59)
(60)
where c40, d40 are arbitrary constants. Singularity at r = 0 cannot be removed using gauge transformations (B4),
therefore we set d40 = 0. Singularity at r = 2M can be removed with a gauge vector with the following nonzero
components:
(4)ξ0 v =
(
9c40M
2 − 156c20 + 56
)
coth−1
(
2M
r
)
36M3
+
96 (39c20 − 14)M
6r − 16 (3c20 + 7)M
4r3 − 8M2r5 + 3r
7
7
1728M10
, (61)
(4)ξ0 r =
r
(
1008M4
(
45c40M
6 + c20
(
−780M4 + 130M2r2 − r4
))
+ 282240M8− 47040M6r2 − 2352M4r4 − 120M2r6 + 5r8
)
725760M12
+
−
(
9c40M
2 − 156c20 + 56
) (
4M2 − r2
)
coth−1
(
2M
r
)
288M5
. (62)
After such a transformation, (4)h0 rr = 0 and only nonzero components of the metric perturbation are:
(4)h−0 vv =
1512M4
(
240c40M
8 + c20
(
−1440c20M
6 + 240M4r2 + 40M2r4 − 3r6
))
5806080M14
, (63)
−141120M6r4 + 8736M4r6 + 780M2r8 − 35r10
5806080M14
, (64)
(4)h−0+ =
r2
(
3024M4
(
30c40M
6 + c20
(
r4 − 50M2r2
))
+ 3696M4r4 + 780M2r6 − 35r8
)
362880M12
. (65)
2. Polar ℓ = 2
Solution to Einstein equations (A4)-(A11) with ℓ = 2 and with sources (A36)-(A42) reads:
(4)h−2 vv = −
r2
(
72c20M
4 − 28M2r2 + r4
)
1152M10
+
c42
(
r2 − 4M2
)2
2048M8r3
+
d42
(
−24M3r + 3
(
r2 − 4M2
)2
coth−1
(
2M
r
)
+ 10Mr3
)
4096M7r3
,
(66)
(4)h−2 vr =
c42
(
r2 − 4M2
)
256M6r3
+
d42
(
24M3r − 3
(
r2 − 4M2
)2
coth−1
(
2M
r
)
− 10Mr3
)
512M5r3 (4M2 − r2)
, (67)
9(4)h−2 rr =
r2
(
72c20M
4 − 28M2r2 + r4
)
288M10
+
c42
16M4r3
+
d42
(
−24M3r + 3
(
r2 − 4M2
)2
coth−1
(
2M
r
)
+ 10Mr3
)
32M3r3 (r2 − 4M2)
2 , (68)
(4)h−2+ =
c42
(
4M2 + r2
)
128M6r
+
d42
(
3M
(
4M2 + r2
)
coth−1
(
2M
r
)
− 2
(
3M2r + r3
))
256M6r
, (69)
where c42, d42 are arbitrary constants. Singularities at r = 0, r = 2M cannot be removed using gauge transformations
(B4), therefore we set c42 = d42 = 0.
3. Polar ℓ = 4
Solution to Einstein equations (A4)-(A11) with ℓ = 4 reads (there is no source in this case):
(4)h−4 vv =
(4)h4 rr
(
r2 − 4M2
)2
128M4
, (70)
(4)h−4 vr =
(4)h4 rr
(
r2 − 4M2
)
16M2
, (71)
(4)h−4 rr =
d44
(
15
(
28M2 − r2
)
coth−1
(
2M
r
)
−
2(1680M5r−760M3r3+81Mr5)
(r2−4M2)2
)
7168M5r5
−
c44
(
r2 − 28M2
)
448M6r5
, (72)
(4)h−4+ =
c44
(
336M4 − 40M2r2 − 3r4
)
10752M8r3
+
d44
(
−2520M4r + 90M2r3 + 15
(
336M5 − 40M3r2 − 3Mr4
)
coth−1
(
2M
r
)
+ 16r5
)
172032M8r3
,
(73)
where c44, d44 are arbitrary constants. Singularities at r = 0, r = 2M cannot be removed using gauge transformations
(B4), therefore we set c44 = d44 = 0.
4. Matchig with Kerr
Matching conditions (15) yield:
[[(4)h0 vv(2M)]] =
45c220M + 230c20M − 139M + 1440(χ
+
0 + 2χ
−
0 )
480M5
, (74)
[[(4)h0+(2M)]] = −
135c220M − 530c20M + 467M + 2880(χ
+
0 − χ
−
0 )
30M3
, (75)
[[(4)h2 vv(2M)]] =
7c20M −M + 84(χ
+
2 + 2χ
−
2 )
28M5
, (76)
[[(4)h2+(2M)]] = −
4(5M + 504(χ+2 − χ
−
2 ))
21M3
, (77)
[[(4)h4 vv(2M)]] =
3(M + 35(χ+4 + χ
−
4 ))
35M5
, (78)
[[(4)h4+(2M)]] =
24(M − 140(χ+4 − χ
−
4 ))
35M3
, (79)
δ(U) =
(
U2 − 1
)2 (
27U4 − 22U2 − 9
)
1152U3
. (80)
To fulfil these matching conditions, we need to perform a gauge transformation on the interior metric with a gauge
vector (4)ξ2 = (0, 0,
(4)ξ2uP
′
ℓ(u), 0). From (74)- (79) we have
(4)ξ2 u(2M) = −
1
9M2 . To keep
(4)h−2 ru = 0 we choose
10
(4)ξ2 u = −
r2
36M4 , what transforms metric functions with ℓ = 2 to:
(4)h−2 vv =
1
4
(4)h4 rr , (81)
(4)h−2 rr = −
−72c20M
4r2 + 28M2r4 − r6
288M10
, (82)
(4)h−2+ =
r2
6M4
, (83)
(4)h−2+ = −
r2
36M4
. (84)
Finally, we have:
χ−0 =
M
(
−5670c40M
2 + 25515c220 − 72954c20 + 64619
)
544320
,
χ+0 = −
1
72
(c20 + 2)M ,
χ−2 = −
M
108
,
χ+2 = −
M
108
,
χ−4 = 0 ,
χ+4 = 0 .
(85)
E. Fifth order
1. ℓ = 1
Solution to Einstein equations (A1)-(A3) with ℓ = 1 and with sources (A43)-(A44) reads (using gauge freedom for
ℓ = 1, we set (5)h1 rϕ = 0):
(5)h−1 vϕ =
(
151200c20M
6r4 − 3024c20M
4r6 − 3696M4r6 − 780M2r8 + 35r10
)
580608M14
+ r2Ω51 +
Π51
r
, (86)
where Π51 and Ω51 are arbitrary constants. Singularity at r = 0 cannot be removed using gauge transformations
(B5), therefore we set Π51 = 0.
2. ℓ = 3
Solution to Einstein equations (A1)-(A3) with ℓ = 3 reads :
(5)h−3 vϕ = −
r2
72M6
+
Π53
(
r2 − 4M2
)
r3
+
Ω53
(
−120M4r + 20M2r3 + 60
(
4M5 −M3r2
)
coth−1
(
2M
r
)
+ r5
)
3r3
, (87)
(5)h−3 rϕ = −
r2
36M6
+
8M2Π53
r3
+
8M2Ω53
(
−120M4r + 20M2r3 + 60
(
4M5 −M3r2
)
coth−1
(
2M
r
)
+ r5
)
3r3 (r2 − 4M2)
, (88)
where Π53 and Ω53 are arbitrary constants. Singularities at r = 0, r = 2M cannot be removed using gauge transfor-
mations (B5), therefore we set Π53 = Ω53 = 0.
3. ℓ = 5
Solution to Einstein equations (A1)-(A3) with ℓ = 5 reads (there are no sources in this case) :
(5)h−5 vϕ =
Ω55
(
2
(
3780M6r − 1155M4r3 + 56M2r5 + r7
)
− 105
(
144M7 − 56M5r2 + 5M3r4
)
coth−1
(
2M
r
))
6r5
+
Π55
(
144M4 − 56M2r2 + 5r4
)
5r5
+ , (89)
(5)h−5 rϕ =
1
14
(
2(5)h5 vϕ − r
2(5)h′′5 vϕ
)
, (90)
where Π55 and Ω55 are arbitrary constants. Singularities at r = 0, r = 2M cannot be removed using gauge transfor-
mations (B5), therefore we set Π55 = Ω55 = 0.
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4. Matchig with Kerr
Matching conditions (15) yield:
[[(5)h1 vϕ(2M)]] =
2835c40M
2 − 11718c20 + 158
4536M4
, (91)
[[(5)h3 vϕ(2M)]] = −
5
18M4
, (92)
[[(5)h5 vϕ(2M)]] = −
2
21M4
. (93)
The condition (91) can be fulfilled by choosing Ω51 = −
5(21c40M2+42c20−22)
672M6 , the condition (93) is fulfilled automatically,
but the condition (92) cannot be fulfilled (also after performing a fifth-order gauge transformation (B6)-(B8)).
There is still one possibility to match the interior metric with the Kerr metric in the fifth order - perform a lower-
order gauge transformation on the interior metric. Acting with gauge vectors (1)ξ, (2)ξ, (3)ξ and (4)ξ, we would like
both to fulfil fifth order matching conditions and keep lower orders matched. Conditions on gauge vectors that keep
lower orders matched read (they are derived from (B1)–(B4) and (15)):
(2)ξ0 v(2M) = 0 ,
(2)ξ2 v(2M) = 0 ,
(2)ξ2 u(2M) = 0 ,
(3)ξ3ϕ(2M) = 0 ,
(4)ξ0 v(2M) = 0 ,
(4)ξ2 v(2M) = 0 ,
(4)ξ2 u(2M) = 0 ,
(4)ξ4 v(2M) = 0 ,
(4)ξ4 u(2M) = 0 .
(94)
Acting with all these gauge vectors and requiring (94), ℓ = 3 metric functions transform as (see (B5)):
(5)h3 vϕ →
(5)h3 vϕ , (95)
(5)h3 rϕ →
(5)h3 rϕ +
(
M
(
−50(3c20 − 4)
(3)ξ′3ϕ(2M)− 33(3c20 − 4)
(2)ξ′2 r(2M)− 30M
2(5)ξ′3ϕ(2M) + 30M
(5)ξ3ϕ(2M)
))
30M3
+
+
50(3c20 − 4)
(3)ξ3,ϕ(2M)
30M3
(96)
(5)h3 uϕ →
(5)h3uϕ +
1
18
(
3(3c20 − 4)
(3)ξ3,ϕ(2M)
M2
− 2
(
9(5)ξ3ϕ(2M) + 9
(4)ξ2 r(2M)− 5
(4)ξ4 r(2M)
))
. (97)
Such a transformation does not have an impact on (5)h3 vϕ, therefore it cannot fulfil (91).
VIII. SUMMARY
In our study we tried to match the ultracompact rotating gravastar with the Kerr metric in the Eddingtion-
Finkelstein coordinates. Although it can be done up to the fourth order, in the fifth order the matching is no longer
possible (we have repeated the calculation in the standard Schwarzschild-like coordinates and the result was the same
– in the fifth order the matching is not possible). Such a result suggests that the rotating gravastar solution is not
a good candidate for the source of the Kerr metric. Also, since a number of authors based their predictions about
the source of the Kerr metric on the second perturbation order [10–12, 14, 15], we find it necessary to check if these
results survive in the higher perturbation orders.
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Appendix A: Einstein equations
Einstein equations (13) of order i consist of two parts: the homogeneous part ∆L
(i)hℓ µν consisting of metric
perturbations of order i and sources (i)Sℓ µν consisting of metric perturbations of orders j (j < i). These equations
needs to be solved order by order: after solving Einstein equations up to order i one can construct explicit form of
i+ 1 order source.
a. Homogeneous part
For axial sector in RW gauge, there are two nonzero variables: (i)hℓvϕ and
(i)hℓrϕ (for simplicity, we denote
(i)hℓ µν(r) = hµν). Homogeneous parts of Einstein equations read:
∆L
(i)hℓ vϕ =
hvϕ (2f + ℓ(ℓ+ 1)− 2)− r
2fh′′vϕ
240r2
, (A1)
∆L
(i)hℓ rϕ =
2r2hvϕ − 4hvϕ + (ℓ(ℓ+ 1)− 2)hrϕ
240r2
, (A2)
∆L
(i)hℓ uϕ =
r
(
fh′rϕ + 2h
′
tϕ
)
+ (1 − f)hrϕ
240r
. (A3)
For polar sector in RW gauge, there are four nonzero variables: (i)hℓvv,
(i)hℓvr,
(i)hℓrr,
(i)hℓ+ (for simplicity, we
denote (i)hℓ µν(r) = hµν). Homogeneous parts of Einstein equations read:
192r4∆L
(i)hℓ vv = 4r
2 (2f + ℓ(ℓ+ 1))hvv + f
(
2f2r2 (rh′rr − hrr) + fr
(
rhrr
(
ℓ(ℓ+ 1)− 4Λr2 + 4
)
+ 8r2h′vr − 2rh
′′
+ + 3h
′
+
))
+
+ f
(
−2fh+ + 4r
2hvr
(
ℓ(ℓ+ 1)− 2Λr2 + 2
)
+ h+l
2 + h+l + Λr
3h′+ + 8r
3h′vv − 2h+Λr
2 − rh′+
)
, (A4)
96r4∆L
(i)hℓ vr = h+
(
−
(
−2f + ℓ(ℓ+ 1)− 2Λr2
))
− r
(
2f2r2h′rr + frhrr
(
−2f + ℓ(ℓ+ 1)− 4Λr2 + 4
)
+ 8fr2h′vr
)
+
(A5)
+ r
(
−2frh′′+ + 3fh
′
+ + 2rhvr
(
ℓ(ℓ+ 1)− 4Λr2 + 4
)
+ Λr2h′+ + 8r
2h′vv + 8rhvv − h
′
+
)
, (A6)
48r4∆L
(i)hℓ rr = r
(
rhrr
(
−2f + ℓ(ℓ+ 1)− 2Λr2 + 2
)
+ 2r
(
frh′rr + 4rh
′
vr − h
′′
+
)
+ 4h′+
)
− 4h+ , (A7)
48r∆L
(i)hℓ vu = r (fh
′
vr + 2h
′
vv)− hvr
(
f + Λr2 − 1
)
, (A8)
96r3∆L
(i)hℓ ru = rhrr
(
fr − Λr3 + r
)
− 2r
(
2r2h′vr − 4rhvr + h
′
+
)
+ 4h+ , (A9)
96r2∆L
(i)hℓ+ = 4h+
(
2f + Λr2 − 1
)
− r
(
rhrr
(
−f2 + f
(
ℓ(ℓ+ 1)− 4Λr2
)
+
(
Λr2 − 1
)2)
+ f2r2h′rr − fΛr
4h′rr
)
+
+ r
(
fr2h′rr + 4fr
2h′vr − 2frh
′′
+ + 6fh
′
+ + 4rhvr
(
ℓ(ℓ+ 1)− 4Λr2
)
− 4Λr4h′vr + 8r
3h′′vv + 2Λr
2h′+ + 4r
2h′vr + 16r
2h′vv − 2h
′
+
)
,
(A10)
96∆L
(i)hℓ− = (fhrr + 4hvr) . (A11)
b. Sources
Below we list the nonzero components of sources for Einstein equations. Source for the i-th order perturbation
equations can be found in the following way (see e.g. appendix A of [30]). Let’s assume that we already know the
solution to perturbation Einstein equations up to the i-th order (it consists of metric perturbations (j)hµν with j ≤ i):
g˜µν =
i∑
j=1
∑
ℓ
(j)hℓµν . (A12)
(A13)
Using this solution we can calculate the Einstein tensor Gµν(g˜). Although this tensor vanishes up to the order i, it
contributes to the i+ 1 (and higher) perturbation equations. Finally, the source of the order i + 1 is given by:
(i+1)Sµν = [i+ 1] (−Gµν(g˜)) , (A14)
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where [k] (...) denotes the k-th order expansion of a given quantity. Although in most cases expressions for the sources
(i+1)Sµν are complicated, their construction is a purely algebraic task and can be easily performed using computer
algebra. Below we express i-th sources in terms of explicit solutions (j)hµν found for lower orders. Below we list the
nonzero components of the sources.
The source for the second order:
(2)S0 vv = −
a2
(
768M6 − 512M4r2 + 108M2r4 − 7r6
)
6144M10
, (A15)
(2)S0 vr =
a2
(
192M4 − 80M2r2 + 7r4
)
768M8
, (A16)
(2)S0 rr =
a2
(
r2 − 6M2
)
24M6
, (A17)
(2)S0+ =
a2
(
96M4r2 − 68M2r4 + 7r6
)
384M8
, (A18)
(2)S2 vv =
a2
(
1536M6 − 704M4r2 + 120M2r4 − 7r6
)
6144M10
, (A19)
(2)S2 vr = −
a2
(
288M4 − 92M2r2 + 7r4
)
768M8
, (A20)
(2)S2 rr =
a2
(
9M2 − r2
)
24M6
, (A21)
(2)S2 vu = −
a2r
(
r2 − 4M2
)
96M6
, (A22)
(2)S2 ru = −
a2r
(
r2 − 2M2
)
96M6
, (A23)
(2)S2+ = −
a2
(
168M4r2 − 74M2r4 + 7r6
)
384M8
, (A24)
(2)S2− =
a2
(
r4 − 12M2r2
)
384M6
. (A25)
The source for the third order:
(3)S1 vϕ =
7a3
(
40M4r2 − 14M2r4 + r6
)
4608M10
, (A26)
(3)S1 rϕ = −
7a3
(
10M2r2 − r4
)
576M8
, (A27)
(3)S3 vϕ = 0 , (A28)
(3)S3 rϕ = 0 . (A29)
(A30)
14
The source for the fourth order (all ℓ = 4 coefficients are zero):
(4)S0 vv =
a4
(
4M2 − r2
) (
20736c220M
10 − 72c20
(
864M8r2 − 200M6r4 + 7M4r6
))
5308416M16r2
+ (A31)
+
a4
(
4M2 − r2
) (
r4
(
10240M6 − 112M4r2 − 576M2r4 + 33r6
))
5308416M16r2
, (A32)
(4)S0 vr = −
a4
(
20736c220M
10 − 72c20
(
864M8r2 − 200M6r4 + 7M4r6
)
+ r4
(
10240M6 − 112M4r2 − 576M2r4 + 33r6
))
663552M14r2
,
(A33)
(4)S0 rr = −
a4
(
72c20
(
15M6 −M4r2
)
− 88M4r2 − 39M2r4 + 3r6
)
10368M12
, (A34)
(4)S0+ =
a4r2
(
72c20
(
384M8 − 36M6r2 − 7M4r4
)
− 14848M6r2 + 1616M4r4 + 516M2r6 − 33r8
)
331776M14
, (A35)
(4)S2 vv =
a4r2
(
72c20
(
256M8 − 80M6r2 + 7M4r4
)
− 8960M6r2 + 3296M4r4 − 380M2r6 + 11r8
)
1769472M16
, (A36)
(4)S2 vr =
a4
(
72c20
(
48M8 − 52M6r2 + 7M4r4
)
− 1344M6r2 + 1952M4r4 − 336M2r6 + 11r8
)
221184M14
, (A37)
(4)S2 rr =
a4
(
72c20
(
5M6 −M4r2
)
− 196M4r2 + 51M2r4 − 2r6
)
6912M12
, (A38)
(4)S2 vu =
a4
(
72c20M
4r − 56M2r3 + 3r5
)
13824M10
, (A39)
(4)S2 ru =
a4r
(
r2 − 2M2
) (
72c20M
4 − 28M2r2 + r4
)
27648M12
, (A40)
(4)S2+ =
a4r2
(
−72c20
(
8M8 + 34M6r2 − 7M4r4
)
+ 2912M6r2 + 1024M4r4 − 310M2r6 + 11r8
)
110592M14
, (A41)
(4)S2− = −
a4r2
(
r2 − 4M2
) (
72c20M
4 − 28M2r2 + r4
)
110592M12
. (A42)
The source for the fifth order (all ℓ = 3 and ℓ = 5 coefficients are zero):
(5)S1 vϕ = −
a5r2
(
r2 − 4M2
) (
1512c20
(
125M6 − 7M4r2
)
− 12936M4r2 − 5265M2r4 + 385r6
)
69672960M16
, (A43)
(5)S1 rϕ =
a5r2
(
−1512c20
(
125M6 − 7M4r2
)
+ 12936M4r2 + 5265M2r4 − 385r6
)
8709120M14
, (A44)
(5)S3 vϕ =
a5
1728M6
, (A45)
(5)S3 rϕ =
a5
864M6
, (A46)
(5)S3 ru =
a5
(
4M2r − r3
)
8640M8
. (A47)
(A48)
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Appendix B: Gauge transformations
Consider a gauge transformation induced by a gauge vector ξ =
∞∑
i=0
ai
i!
(i)ξ. According to [29], metric perturbations
transform in the following way:
(1)hµν →
(1)hµν +£(1)ξg¯µν , (B1)
(2)hµν →
(2)hµν + (£(2)ξ +£
2
(1)ξ
)g¯µν + 2£(1)ξ
(1)hµν , (B2)
(3)hµν →
(3)hµν + (£
3
(1)ξ
+ 3£(1)ξ£(2)ξ +£(3)ξ)g¯µν + 3(£
2
(1)ξ
+£(2)ξ)
(1)hµν + 3£(1)ξ
(2)hµν , (B3)
(4)hµν →
(4)hµν + (£
4
(1)ξ + 6£
2
(1)ξ£(2)ξ + 4£(1)ξ£(3)ξ +£(4)ξ)g¯µν + 4(£
3
(1)ξ + 3£(1)ξ£(2)ξ +£(3)ξ)
(1)hµν+
+ 6(£2(1)ξ +£(2)ξ)
(2)hµν + 4£(1)ξ
(3)hµν , (B4)
(5)hµν →
(5)hµν + (£
5
(1)ξ
+ 10£3(1)ξ£(2)ξ + 15£(1)ξ£
2
(2)ξ
+ 10£2(1)ξ£(3)ξ + 5£(1)ξ£(4)ξ +£(5)ξ)g¯µν+
+ 5(£4(1)ξ + 6£
2
(1)ξ
£(2)ξ + 4£(1)ξ£(3)ξ +£(4)ξ)
(1)hµν + 10(£
3
(1)ξ
+ 3£(1)ξ£(2)ξ +£(3)ξ)
(2)hµν+
+ 10(£2(1)ξ +£(2)ξ)
(3)hµν + 5£(1)ξ
(4)hµν . (B5)
An explicit form of (B1)-(B5) for a gauge vector of order i acting on a metric components of order i reads:
(i)hℓ vϕ →
(i)hℓ vϕ , (B6)
(i)hℓ rϕ →
(i)hℓ rϕ +
2(i)ξϕ
r
− (i)ξ′ϕ , (B7)
(i)hℓ uϕ →
(i)hℓ uϕ +
(i)ξϕ , (B8)
(i)hℓ vv →
(i)hℓ vv −
1
4
(
f (i)ξr + 2
(i)ξv
)
f ′ , (B9)
(i)hℓ vr →
(i)hℓ vr +
1
2
f ′(i)ξr +
(i)ξ′v , (B10)
(i)hℓ rr →
(i)hℓ rr + 2
(i)ξ′r , (B11)
(i)hℓ+ →
(i)hℓ+ + 2rf
(i)ξr − ℓ(ℓ+ 1)
(i)ξu + 4r
(i)ξv , (B12)
(i)hℓ− →
(i)hℓ− +
(i)ξu , (B13)
(i)hℓ ru →
(i)hℓ vu +
(i)ξv , (B14)
(i)hℓ vu →
(i)hℓ ru +
(i)ξ′u +
(i)ξr −
2(i)ξu
r
. (B15)
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